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Introduction

» Magnhetohydrodynamic (MHD) approximation
is well-used.

(HP of Prof. Z. Yoshida)

(Wikipedia Sun)
(Glatzmeier and Roberts, 1995)

» What are the limitations?

CPS2011 2011/10/19 6



Two Fluid MHD Model

» Kinetic theory

- Two-fluid model (taking moments)

Iny;
é;j‘ +V - (n;V;) =0,
AV ; _
ming | 5 + (V- V)V | +V D, —qni;(E+V,; x B)=—F,
;: +V - (nV,) =0,

7A%
Melle ( ﬁte + (Ve V)Ve) +V P, —qene(E+Vex B)=F,

> Quasi-neutrality

(me +m;)n

i = —(Qe = €. P

meVe +m;V

Me + MMy

N = Ne =N V

j=en(V;—V,)
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One Fluid MHD Model

» Kinetic theory
- Two-fluid model (taking moments)
- One-fluid model (quasi-neutrality) (List, 1959)

dp
— A pV

oV . Me , . )
p (E + (V'V)V) =—-V:-P+JX BP —(J 'V)j—ﬂl : Momentum eqn.

1. 1
F+V xB ;J

J(jXB_V'p_ez)‘ <~ Hall term
—

. Continuity eqgn.

dJ
Collision (resistivity)

Electron inertia

e2n

4 e {— +V-(Vj +jV)]-

: Generalized
Ohm’s law
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Ohm’s Law in Previous Studies

1 _ a3
Vasyliunas (1975) Bt VxB=nl+ g [ +V(JV+VJ)]

1
= . ple? =
nev P +nec JxB

F x B e dj
ru J _|_mij

2
Fitzpatrick (2001) ne;n e nemdt
S VIV——5(-V)j
+nez ne?
J 1 me [ O0J
Watson R:;_‘_E(JXB_V-pe)—FnE’Q (E—l-v (VJ—I—JV))
Bhattacharjee et al. (1999) E+YXB_ 5y 4: DI _Vp IxB
c upe Dt ne nec
4 dJ 1
-vxB - —JxB P
Shay et al. (2001) 2, pn =E+ L necJ +— V - nd,

Me

: J
There is no . U V)" - term
in the momentum equation!
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Classification of MHD Models

Nonlinear Hall oB
Re,, = — = ouoU L. = - —,
¢ Collision ot ' Ch Collision en
O — Electron inertia  ome
I = ? . — 5 .
5 (Ideal) MHD Collision ec“nT
Rem>1, Cy.C;1 <1, E+V xB=0
> Hall-MHD
) 1
Re,,. Cg >1, —<«1 E—|—V><B:—j><B5
C'y en
> Inertial-MHD (IMHD)
Cr
Rem. C1> 1, —L 1
CH
me |07 . Mme , . J
82'}‘1 E +V ) (VJ +3V) - 62'}‘1 (J ’ V)aﬂ
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Inertial MHD (IMHD) Model

Cr mel -
= = > 1 : The characteristic timescale

Ch eB T Qget << the gyroperiod of electron

_ (Magnetic reconnection region?)
» Governing eqgns.
dp
0=—+V-.(pV),

A% Me , . '
p(‘__|_(V.V)V) :—Vp+j><B—£(]-V)i.

Ot e en
Me [ dj

Me

G-v)2.

e2n en

E+V xB= +V-(Vij+3V)| —

e2n | Ot
V-B=0,

VxFE = _8_B Pre-Maxwell equations

ot
VXB:[,Loj.
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Our Purposes

> Comparing the linear wave modes
between MHD and IMHD.

» Classifying some IMHD models
in terms of the energy conservation.

» Considering the effect of electron inertia
using IMHD, especially focusing on some
equilibrium states.

CPS2011 2011/10/19
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Linear Wave Modes in MHD

> Basic state
B = By.p = po.p = po, : uniform

V=0FE=0 : no flow

> Linearized compressible MHD

ap -
0=—+pV-V.
oy + o :
ov i -
p(}E = —Vp—l— (V X B) X B[]?
0o 9P _ po9p
ot py Ot

OZEM—F‘}XB(},

(Shear) Alfven wave

Fast/Slow magnetosonic wave

A A AAA A AT 4 aaa a AE”BD

(Fitzpatrick)
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A|fV€ N Wave (Morrison and Tassi, 2009)

» MHD
%—?—VXE—Vx(ﬁxBU)
W ] B2
P = Vacost Va = #020 . Alfven speed
_ g2 — me c?
> Inertial MHD © T otng | w2

2]

E = -V x By I juod> pr o - -
| |:> (1 ~[E))B =V x (V x Bo)

OB -
—_— = —V E..
ot Sl

w V4 cosb

ko V1 + d2k?

Higher wavenumber waves
propagate more slowly!
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Energy Conservation in IMHD

» Governing equations

(‘_)
0:8—?+V-(QVL V-B=0.
oV 0B
;(+(V V)V ) _Vp+jx B—|ee(; V)J.‘ VxE=—"".
ot e en ot
G, Me B = .
E+VvxBo Y v vjriv|4oZeg.-v)L VX B =g
eZn | O e2n en
oS
0= — V. S
o TV

» Energy conservation

4 me J| |B|2
0= V|2 UHe— —
ot ( PAVIT+pU “Zn 2 i 2110

1 9 ) ome |42
+V- [(2p|V| +p+ pU —I—‘Ean 5 I’V

Me 5 me E><B

t T Ho
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Energy Conservation in IMHD

» Energy conservation

J (1 Me |3‘2 ‘B|2
0=—(=p|VI?+pU +e
ot (2/)| e +€E’.2'Tl 2 - 2410

e2n 2

m L Me Lo
+e€ ;(V-;};-O = 2

(S

1 me |52
+V- [(29|V|2+p+pU+em M)V

[

93
Ot

[E}: v x B = ¢

e2n

This is not a correct flux form...
but total energy H is conserved!

1 me |71 |BJ?
H= [ [=p|V]?+pU + ¢ Ir.
/(2ﬁ| =+ p teg ot 2 )T
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Classification of IMHD Models

oV Me
P (W + (V- V)V) —Vp+3xB ~|EE0M—(J V);.

E+V><B+tm‘f |s e (v v Hecp 29 V1

Tne me , .
41 (5 vw‘ s (G .v) L
e<T €Tl

d (1 5 T+| -meLzl |B|?
» ot (2'O|V U A e2n 2 T 2410
1 Me |J
+V- —p|V|2—|—p—|—pU—|—‘€ad rij q \%4
2 ecn 2

Me | .me |7*. ExB
1EM e2 v .J)J‘_ 083?12 o - 110

Me

— Ecp)m‘.?liz(v : V)
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Classification of IMHD Models

ov
P(WJF(V V)V) —VP+J><B*|EEOM£(J V)él

dj Me
E+V><B+t nﬂ |sad (V9] Hepmg v.v1
e
4161\4[ 2, (4 - V)V‘ 5— )
?1- Tl

€, €ad €cp EM Ohm'slaw E+V xB= EEOM Conserved?

Compressible fluid
11 1 1 Ze (‘"’-"‘ LV (VJ—I—JV)) 1 OK!

e2n \ 9

1 1 Me (ajw (v;,-)) OK!

| The epsilon “term in the momentum
| equation is important!!
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Ohm’s Law in Previous Studies

vasyliunas (1975) E+ " VxB =] + 2 [+V(JV+VJ)-| \\

E+VxB ~ -
Fitzpatrick (2001) 0(\ me .
C ~ =5 -V)j
‘ n-<e
> me [0J
Watson R ‘\6 “ — V- pe) -+ o2 (E + V- (VJ + JV))
Bhattachariee et (()\‘ vxB _ 4r DI Vp JxB
attacharjee e\?e(\e E + ” ”J+u§, Dt ne T Tnec
47 dJ 1
KO"@ 7 wpe dt Bt CVX necJX " e V -
Me , . 7
There is no . V) term

in the momentum equation!
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Some Equilibrium States

> With no flow

1. Grad-Shafranov equation

» With flow (incompressible)

. Voxj
2. Beltrami-“Jeltrami” flow

CPS2011 2011/10/19
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» Governing equation (no flow)
0=-Vp+3xB
V x B = J,bi[}j

» Axisymmetric solution

1
B = Byey + Ee(b X Vi

Z
A

-l >

¢

~ (Wikipedia)

e 0 (1D J?
A =1on (Réﬂ?)+622

>
R

p=p(), RBy=F(1) _
I::> d, LF
A%y = —#DE’-Q—p — P . Grad-Shafranov equation

)

d)

What occurs with the electron inertia?

CPS2011 2011/10/19 24



G-S in “Straight Torus”

( (\ “Straight torus” = cylinder; torus with no curvature
{ 1 . .
> 0=— Vp+ ijE(J-V)j.
y4 el MieTl Tl €Tl
\ U O_VXE_—rSEVxKi-V)i],
€ €Tl (S

> “Axisymmetric” solution = z independent solution
B — BzEZ —I_ eZ >< vgf"ﬂ

> When ¢, § — 0 , then we find that p = p(¢’) and B, = F(v) ,
and obtain V3 = _#_0@ _ FdIT

: G-S in “straight torus”

What occurs when epsilon and delta are finite?

CPS2011 2011/10/19 25



Modified G-S in “Straight Torus”

> If the plasma is barotropic, i.e., n = n(p),

| , ed?F? K
L - FFI L e ..
eqzp Mo HEE) = s

Vi =

Modified Grad-Shafranov equation in “straight torus”

p=p¥) Vi v)? = K (v)
B, = F(v) o e
n = n(v) ° poe*n

CPS2011 2011/10/19
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Modified G-S equation in torus

Z AN B= B¢e¢+—e¢><vu
» Incompressible plasma R

, Me , . ,
0=-Vp+3 XB—EEQRDU.V)}, Q>
- ¢
WU — EA*'{_:'"J = -(RB@)
_ (A*)? | [VU(RBy)|?
E> < M(RBy) = pop +¢€ N + € 52 ._ R>
dM dL
0= R* A*yy — eA*(RBy) + RBy.
_ I(RB,) @By~ v A (EBe) + By
~ _ 2 Me . O 1 0 32
c=cdog=c Lo€e3ng A= RE)R (R @R) oz
me . .
0=VXE=-0—-=Vx[j V)il |:> 7?
e n?
0 | did not get

any useful constraints...

CPS2011 2011/10/19 27



Summary of G-S in IMHD

3 constraints 3 constraints _EIOS”OF! term
obtained obtained is considered
Incompressible |
Modified G-S - Epsilon and
obtained o delta term

are considered
If barotropic, 3

(incomplete)

?
constraints '
Compressible obtained.
If barotropic,
modified GS 27?7?
obtained.

CPS2011 2011/10/19 28



Some Equilibrium States

> With no flow

1. Grad-Shafranov equation

» With flow (incompressible)

. Voxj
2. Beltrami-“Jeltrami” flow

CPS2011 2011/10/19
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V x 3

» Governing equations (incompressible IMHD)

_ Me . .
0=-Vp+jxB-— € e (7-V)3—po(V-V)V,
VOb—E—= -V xB+e—"[(V-V)j+(j V)V] 6= V)j.
e“no e ng

» Assuming V = (7.

0=—Vp+jxB-— (!JUCQ + e ) (G-V)3.

€ o quite similar!
0=Vd+CjxB- (zce e _5 T";) (G- V)]
e“no e ng

0=—-Vp+jxB—20C%j5 -V)j.
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Some Equilibrium States

> With no flow

1. Grad-Shafranov equation

» With flow (incompressible)

. Voxj
2. Beltrami-“Jeltrami” flow

CPS2011 2011/10/19
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Beltrami-"Jeltrami” Flow

V xV = \V :Beltrami flow E> (V.Vva(“;Q)VX 0

V X § =pug :“eltrami” current

— L WVE e 5P
= p= € L
p=73xB. P=p+pos Zng 2
- Me ) :12
Vb =-V xB+e¢ (p—N)gxV | 5 _ e oo e |7
EETID (I) = (I) -+ 662?10 (V 'J) -+ 063?1{2} T
VXB:;;.Dj:'u%UVXj, E>B—’L:Oj+Vx,
[ I
—— similar to
. p=Y, < Bernoulli’s
If = A, and y =0. V{[;:‘uijxv equation
11
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Conclusions

Modified Alfven wave in Inertial MHD is dispersive.

The epsilon term in the momentum equation is
important in terms of energy conservation.

Modified Grad-Shafranov equation is obtained in
“straight torus.” In the real torus, we obtained only
some constraints.

Governing equations of equilibrium states with flow

1glan be simplified in V o< j and in Beltrami-"Jeltrami
OW.

CPS2011 2011/10/19
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Future Works

» Physical interpretation of equilibrium state with
delta term in modified Grad-Shafranov equation
with curvature

» Studying the stability with the effect of epsilon and
delta term

» Shocks

» Magnetic reconnection

CPS2011 2011/10/19

34



Menu

» Research Project in GFD Program 2011

» Lectures in GFD Program 2011

» Life at GFD

CPS2011 2011/10/19 35



Topic in GFD Program 2011

“Shear Turbulence: Onset and Structure”

Fabian Waleffe
(University of
Wisconsin,

Madison)

(1990)

(2011) 1995

Richard Kerswell
(Bristol University)
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Turbulent Onset in Shear Flows

o e
L
$ D s
- I[/\,¥ WAL LEE
Canonical “Turbulent”

Laminar flow State

Transition occurs suddenly,
noise-dependently and
dramatically!

CPS2011 2011/10/19 37



Linear Stability

Critical Reynolds
Canonlcal FIOW b "
» Turbulent

Plane Couette State

Plane Poiseuille 5772 Transition can occur at
lower Reynolds number!

Hagen-
Poiseuille (Pipe)

Why? What occurs?

007



Waleffe’s Lectures

General Introduction and Overview.

—

N

Viscous derivation of classic inviscid stability results for shear

flows. Viscous instability.

w

Diffusion and damping in shear flows: a truly singular limit.

Critical layers.

4. Origin and survival of 3D-ality.

5. Instability of streaky flows. Asymptotics of self-sustaining process.

6. Spatio-temporal complexity. Spots, puffs and slugs, snakes and

spirals.

CPS2011 2011/10/19



Summary

v

Transition threshold i.e. the power law of the amplitude against Re

Structure (horseshoe vortex etc.)
Linear and energy stabilities
- Squire’s theorem (linear) vs. streamwise roll (energy)

How to sustain the turbulent state
- the feedback mechanism to the roll pattern
Self-Sustaining Process (SSP) and SSP method

- finding the exact coherent structures

The boundary of the laminar and turbulent states in phase space

CPS2011 2011/10/19
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Self-Sustaining Process (SSP)

U(y,z) for V=0.04

Fr=5000 Wx=0.000

Streaks
O(1)

Utv,z)

Streamwise Streak wave
Rolls mode (3D) ' |
O(1/R) A e/ ——————
V(y.2), Wiy2) - _2'
[TZ=Z==f: ===z 7¢ nonlinea ———
05 ,‘:;:“::\ X 7 /j::-: self—interaction

VSN \ ( NN
SRS

W\SZoh N/ Waleffe (1997)
R AN e Nt A

CPS2011 2011/10/19

41



4th Order ODE

M(t) = amp of mean shear U(y)x
U(t) = amp of streaks u(y, z)X
V(t) = amp of streamwise rolls v(y,z)¥y + w(y.z)z
W(t) = amp of streak eigenmode u(x,y,z)

Captures basic features of SSP

(%Jr%)m = |, UV +om W2
%+H—§’ U = o, MV | |- &, W2

d K2 2
(%+%)W - ow UW | |= 0, VW | |- om MW

Rolls V redistribute / f /\

streamwise momentum nonlinear
M- U Streak U interaction of W Mean M
unstable to feeds back on shears W
x-mode W rolls V

CPS2011 2011/10/19



Unstable Coherent States!

Laminar

Turbulent

L)
-
L)
—
-
_——— -

PCF data (R = 400)

e
Ve
)
o
v}
o
c
2 3t
@
o
w
£
o
2,
]
* 2 4 5

3
Energy Input Rate

Periodic solutions in HKW (1.14, 1.67) by Viswanath, JFM 2007 & Gibson (TBA)
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Kerswell’s Lectures

1. Transition scenarios: normality vs non-normality.
2. Edge tracking - walking the tightrope.

3. Triggering transition efficiently.

4. Turbulence: transient or sustained?

CPS2011

2011/10/19
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Summary

» Supercritical or subcritical scenarios
< Normal or Non-normal linear operator

Finding nonlinear solutions
(e.g. Nagata’s solution)

v

Edge tracking

v

Finding Minimal Seeds

v

Is the turbulent state is a transient state or
sustained one? & puff, localized pattern

v

CPS2011 2011/10/19
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Minimal Seed

“*Minimal seed”: the I.C. of smallest energy
which can trigger transition to “turbulence”

- Can we identify the minimal seed by looking for an I.C.
which experiences largest growth?

Energy growth rate: G(T)=  max : ..
up(x), V-up=0 1 5
5 luo(x)]

> Linear transient growth

Matrix-based = SVD

Matrix—-free = Variational principle (Euler-Lagrange eq.)
this method can be used to study
the nonlinear transient growth!

CPS2011 2011/10/19



Variational Method

> Linearized Navier-Stokes eq.

ou 1 o
E + (ulam ) ?)u + (Ll . T"ﬂr;”-l]a,rn - _vp + Ev u,

> Growth rate

G= <%|U(X,T)|2> 1A {<%|u(x,0)|2> _ 1}

T du 1
+ [D <V(X: t) ' {E + (ula.m ’ V)u + (ll ' v)ulam +Vp — Evgu}> dt

T
—l—fﬂ (m(x,t)V - u) dit

> Euler-Lagrange eqns.

oG
—— = T T)=0
ux.T) 0 = ulx,T)+v(x,T)
G =0 = Au(x,0)—v(x,0)=0
du(x,0) Dual Linearized
V)V = v (Vam) +Vr+ vav =0, Navier-Stokes
Re eqn.
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Diagram of Iterative Method

da o 1 a
B + (W - VIu+ (u-Viuy, = -Vp+ E'ﬁ' u
Step. 1
u(x,0) - u(x,T)
A Linearized Navier-Stokes equation
Incompressibility
e Boundary condition &
——— =0 | Step.4 Step.2 | ———==< =0
du(x,0) du(x,T)
Y u(x,T)+v(x,7)=0
Step.3
v(x,0) = v(x,T)
Dual hnearnized Navier-Stokes equation
Incompressibility
o [ Boundary condition
(n+1) _ (»
ou(x, 0)] v T _ 1 9
+€ (/\u(x O (n) —v(X U) ) E + {Illam '\_x"]v L' (vulam} + Va + Ev v=1>0

This method is easily extendable to
the nonlinear problem!

CPS2011 2011/10/19 48




Re S u Its Pringle and Kerswell (2010)

> Linear

4 T T T T

p o T
a%a b o

300t

250 /

' - e
2ot dy

|I'.- ,l' |r '..|;

150+

10 I

a = 1 1 1 1
] 5 10 15 20

tigme [ L0000 ]

RN ~1/E(0)

Schmid and Henningson (1994)

E_thres(Re) E(0) l CPS2011 2011/10/19 49
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Talks

® Genta Kawahara, “Structures of low-Reynolds
number turbulence in a rectangular duct”

® Friedrich Busse, “Generation of magnetic
fields by convection in rotating spherical fluid
shells”

® Jesse Ausubel, “Self-sinking capsules to
investigate Earth’s interior and dispose of
radioactive waste”

® Tomoaki Itano, “Coherent vortices in plane
Couette flow - bifurcation, symmetry and
visualization”

® Predrag Cvitanovic, “What Phil Morrison would
not teach us: how to reduce the symmetry of
pipe flows”
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Fellows’ Research Projects
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Samuel Potter: Islands in locally-forced basin circulations
Zhan Wang: Tow-layer viscous fluid in an inclined closed tube:
Kelvin-Helmholtz instability
Andrew Crosby: Chaotic interaction of vortex patches with boundarie
Chao Ma: On Brownian motion in a Fluid with a Plane Boundary
John Platt: Localized Solutions for Plane Couette flow:
a continuation method study
Ascending the ridge:
Maximizing the heat flux in steady porous medium convection
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