
大気と海洋の波動エネルギーのライフサイクル解析 
による熱帯気候変動メカニズムの解明 
 
相木秀則、福富 慶樹 （名大宇宙地球環境研究所） 
菅野 湧貴  （電力中央研究所） 
尾形 友道  （海洋研究開発機構） 
豊田 隆寛、中野英之  （気象庁気象研究所） 
 
 
2020.12.16 15:30-16:30 
 

 



衛星観測海面高度偏差10年分 

中緯度惑星波と赤道波の 
エネルギーフラックスの全球シームレス解析に向けて　　　　　　　　　　　　　　　　　　　 
　　　　　　　　　　　　　　　　　　　　　　　　　　相木秀則 名古屋大 宇宙地球環境研究所 
 

Aiki	et	al.	2017	PEPS	



過去20年間のモデル診断研究：どこで擾乱が励起・減衰するのか？ 
•  エネルギー変換率の全球分布の診断 

将来のモデル診断研究：どこからどこへ「何が」擾乱を運ぶのか？ 
•  慣性重力波のエネルギーフラックスはモデル診断研究が豊富 
•  中緯度惑星波や赤道波のエネルギーフラックスはあまり研究されていない 

赤道導波管	



13 Dec 2003 18:52 AR AR203-FL36-12.tex AR203-FL36-12.sgm LaTeX2e(2002/01/18) P1: IBD

302 WUNSCH ⌅ FERRARI

Figure 5 Strawman energy budget for the global ocean circulation, with uncertainties of
at least factors of 2 and possibly as large as 10. Top row of boxes represent possible energy
sources. Shaded boxes are the principal energy reservoirs in the ocean, with crude energy
values given [in exajoules (EJ) 1018 J, and yottajoules (YJ) 1024 J]. Fluxes to and from the
reservoirs are in terrawatts (TWs). Tidal input (see Munk & Wunsch 1998) of 3.5 TW is
the only accurate number here. Total wind work is in the middle of the range estimated by
Lueck & Reid (1984); net wind work on the general circulation is from Wunsch (1998).
Heating/cooling/evaporation/precipitation values are all taken from Huang & Wang (2003).
Value for surface waves and turbulence is for surface waves alone, as estimated by Lefevre
& Cotton (2001). The internal wave energy estimate is by Munk (1981); the internal tide
energy estimate is from Kantha & Tierney (1997); the Wunsch (1975) estimate is four times
larger. Oort et al. (1994) estimated the energy of the general circulation. Energy of the
mesoscale is from the Zang &Wunsch (2001) spectrum (X. Zang, personal communication,
2002). Ellipse indicates the conceivable importance of a loss of balance in the geostrophic
mesoscale, resulting in internal waves and mixing, but of unknown importance. Dashed-dot
lines indicate energy returned to the general circulation by mixing, and are first multiplied
by 0. Open-ocean mixing by internal waves includes the upper ocean.

such kinetic energy exist, the wind stress and tidal flows. The tides can account
for approximately 1 TW, at most. The wind field provides approximately 1 TW—
directly—to the large-scale circulation and probably at least another 0.5 TW by
generating inertial waves and the internal wave continuum.
Taken together, Sandström’s (1908, 1916) and Paparella & Young’s (2002)

theorems, the very small, probably negative, contribution to oceanic potential
energy by buoyancy exchanges with the atmosphere, and the ready availability of
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•  エネルギー変換率の全球分布の診断 

将来のモデル診断研究：どこからどこへ「何が」擾乱を運ぶのか？ 
•  慣性重力波のエネルギーフラックスはモデル診断研究が豊富 
•  中緯度惑星波や赤道波のエネルギーフラックスはあまり研究されていない 



基盤研究（Ａ）（一般）２ 
【１ 研究目的、研究方法など（つづき）】 
度(擬運動量)フラックス診断式は、海岸線における境界条件を満たさないため、海洋の波動には
適用しにくいという問題があった。さらに波活動度フラックスは定性的な解析には使われてきた
が、その物理的実態は擬運動量フラックスなので定量的な解析（例えば収支の整合性の検証）と
して醸成しにくいという潜在的問題があった。これらをすべて解決する為にAiki et al. (2017)
は赤道域にも適用可能で、海岸線のような境界条件を完全に満たすエネルギーフラックスの診断
式を導いた。詳細は【２ 本研究の着想に至った経緯】の頁を参照。この診断式を用いると、波
動擾乱エネルギー収支式の保存則を満たしつつ、赤道波と中緯度の波が相互作用する状況でも群
速度ベクトルを表示することが、大気海洋力学の発展史上初めて可能になった。この理論的ブレ
ークスルーの応用例として、熱帯起源の波動の生成・伝搬・消散の連結過程(ライフサイクル)解
析を基礎実験によって実証した（図２）。これによって上記の気候学的課題を解決できる可能性
が高まってきた。 
 
 

 
 
 
図１：大気（左）と海洋（右）における長周期波動によるエネルギー伝達の連環と熱帯—中緯度相互作用の模式図．
左図はLin et al. (2006)より転載．上記のイラスト的に描かれた矢印を図２bのようなモデル解析結果におきか
えて応用研究を展開するのが本研究の目的である． 

図２：熱帯海洋の理想実験でエネルギーフラックス（群速度ベクトル）を見積もった結果（西経80度が東岸）．
(a)従来の診断式を用いた場合（赤道近傍は適用不可）．(b) 新しい診断式を用いた場合（本研究で使用予定）． 
 
（２−１）目的 
 本研究の目的は、MJO・ENSO・IODのような熱帯気候変動イベントの発生過程に介在する大気と
海洋の長周期（季節内～季節間スケール）波動の起源と物理的役割を、新しい波動擾乱エネルギ
ー診断法により長期間のデータ解析から明らかにすることである。長周期波動のライフサイクル
に伴う波動擾乱エネルギーの生成・伝達・消散の連結過程を上記ツールで解析し、その空間的な
描像を記述することで、熱帯気候変動イベントにおいて重要な波動強制力（例えば熱帯中緯度相

大気と海洋の様々な長周期（季節内～季節間スケール）波動は熱帯域の気候
変動現象(MJO/ENSO/IOD)の発達・終息において重要な役割を担う 
 
これらの波動を解析する際に従来の準地衡流近似に基づく診断理論は中緯度
域と熱帯域の接続を整合的に取り扱えないという問題があった 

Lin	et	al.	(2006)	



基盤研究（Ａ）（一般）５ 

２ 本研究の着想に至った経緯など 
（１）本研究の着想に至った経緯 
 ３次元海洋大循環数値モデル（OGCM）の発達や人工衛星による海面高度観測データの蓄積によ
って、これらの波動・渦を詳細に診断することが近年可能になってきた。過去20年間の研究で、
海洋中の擾乱（各種波動・渦）エネルギーの励起源の気候学的全球分布の把握と定量化に関する
理解が進んだ(Wunsch and Ferrari 2004; Aiki et al. 2004; Aiki and Yamagata 2006; Aiki 
and Richards 2008; Aiki et al. 2011)。ところが励起源からどのような経路で何によって擾乱
エネルギーが空間的に運ばれて消散域にたどりつくのか？という、世界地図上における伝達経路
やその強さの同定（ライフサイクルの理解）についての研究は（慣性重力波・内部潮汐波の分野
を除いて）殆ど行われなかった。例えばENSOの解説において従来の研究では「赤道上の海面水温
アノマリーが、赤道ケルビン波によって東向きに伝搬し、南北アメリカ大陸沿岸に到達すると波
は向きを変えて、沿岸ケルビン波として高緯度側に伝搬して中緯度ロスビー波の励起源になる」
という説明とともに図１右のような矢印を提示するのだが、これは（波の位相伝搬だけを根拠に
して）抽象的なイラストを描いているに過ぎない。従来のように位相伝搬だけを根拠にしてイラ
スト的な矢印を地図上に描くのは問題がある。何故ならば「波の位相伝搬方向とエネルギー伝搬
方向が逆になる」場合が大気海洋力学においてはよくあるからである（例えば高波数のロスビー
波の水平伝搬や各種内部波の鉛直伝搬など）。このように「地図上にイラスト的に描かれた矢印
の力学的根拠は？」という問題意識から本研究の着想に至った（図１左が大気、図１右が海洋）。 
 
（２） 関連する国内外の研究の動向と本研究の位置づけ 
 従来の研究では、波活動度あるいは波動エネルギーの伝達経路トレース解析（世界地図上にお
ける群速度ベクトルの分布の同定）において地衡流近似した理論が使われてきた（表１）。従来
の理論は中緯度の波について限定されたものであり、赤道波については使えないという問題があ
った。また海岸線で波の回析する条件下では使えないという問題もあった。これらは従来の大気
海洋力学における限界を露呈し、特に熱帯と中緯度との相互作用の解明を阻んできた。 
 代表者は多種多様な波動理論（例えば海上の風波・波浪の擬運動量や大気中の波の活動度：
Aiki and Greatbatch 2012, 2013, 2014; Aiki et al. 2015）の研究を積み重ねて回り道をする
中で、上記の熱帯と中緯度の接続問題を解決するヒントを得た。そして、緯度帯に関するシーム
レス機能と波の種類に関するオートフォーカス機能の両方を有するエネルギーフラックス（群速
度ベクトル）計算式を導く事に成功した（表1、Aiki et al. 2017）。このブレークスルーを応
用して代表者らは、熱帯起源の波動の生成・伝搬・消散の連結過程（ライフサイクル）解析を基
礎実験によって実証し、従来の気候学的課題（熱帯と中緯度の相互作用の解明・定量的評価）を
解決できる可能性を示した（図２）。 
 Plumb (1986) , 

Takaya & Nakamura 
(2001)の系列 

Orlanski &  
Sheldon (1993) 
の系列 

Aiki et al. (2017) 

対象 波活動度（擬運動量） エネルギー エネルギー 
定量的解析 不適 適 適 
中緯度ロスビー波 ◯ ◯ ◯ 
中緯度慣性重力波 × × ◯ 
全ての種類の赤道波 × × ◯ 
中緯度と熱帯の接続 × × ◯ 
海岸線境界条件 × × ◯ 
前処理 必要なし 必要なし Ertel渦位の 

インバージョン 
フラックスの診断式 E − v 'v ',v 'u '   cu cp +�u [ cp cp z / (2 f )] cu cp +�u ( cp cϕ z / 2) 
表１：A/OGCMのアウトプットから群速度ベクトルを計算するための診断式の比較．Eは波のエネルギー，ϕは
Ertel渦位のインバージョン（逆計算）によって得られる流線関数を表す． 

A/OGCMの出力から群速度ベクトルを計算するための診断表式 
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Aiki et al. (2017, PEPS)によってエネルギーフラックスの診断式のブレークスルーが
もたらされた。これは大気海洋中の擾乱エネルギーのライフサイクル(発達・伝達・消
散過程)を緯度帯の制限なくトレースするための強力なツールである。 
 
これによって擾乱エネルギーの流れを可視化して定性的に理解するだけでなく、厳密な
定量化により各力学過程の最重要なものを明確化することができる。 
 
熱帯と中緯度の波動をその相互作用も含めて連続的にトレースすることで、熱帯の主要
な気候変動イベントの発達・終息メカニズムを解明する。 
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,
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x + v′y + w′

z = 0,
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′
t⟩⟩, (1.11)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k (1.12)
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cgE ≠ u′p′ (1.13)

2. Shallow-water equations

u′
t − fv′ + p′x = 0

v′
t + fu′ + p′y = 0

p′t + c2(u′
x + v′

y) = 0

E ≡ [u′2 + v′2 + (p′/c)2]/2

q′ ≡ v′
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波のエネルギーの水平伝達経路を群速度に基づいて気候学的に同定するには？　　　　 
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回転成分が 
謎めいた表現 
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基盤研究（Ａ）（一般）５ 

２ 本研究の着想に至った経緯など 
（１）本研究の着想に至った経緯 
 ３次元海洋大循環数値モデル（OGCM）の発達や人工衛星による海面高度観測データの蓄積によ
って、これらの波動・渦を詳細に診断することが近年可能になってきた。過去20年間の研究で、
海洋中の擾乱（各種波動・渦）エネルギーの励起源の気候学的全球分布の把握と定量化に関する
理解が進んだ(Wunsch and Ferrari 2004; Aiki et al. 2004; Aiki and Yamagata 2006; Aiki 
and Richards 2008; Aiki et al. 2011)。ところが励起源からどのような経路で何によって擾乱
エネルギーが空間的に運ばれて消散域にたどりつくのか？という、世界地図上における伝達経路
やその強さの同定（ライフサイクルの理解）についての研究は（慣性重力波・内部潮汐波の分野
を除いて）殆ど行われなかった。例えばENSOの解説において従来の研究では「赤道上の海面水温
アノマリーが、赤道ケルビン波によって東向きに伝搬し、南北アメリカ大陸沿岸に到達すると波
は向きを変えて、沿岸ケルビン波として高緯度側に伝搬して中緯度ロスビー波の励起源になる」
という説明とともに図１右のような矢印を提示するのだが、これは（波の位相伝搬だけを根拠に
して）抽象的なイラストを描いているに過ぎない。従来のように位相伝搬だけを根拠にしてイラ
スト的な矢印を地図上に描くのは問題がある。何故ならば「波の位相伝搬方向とエネルギー伝搬
方向が逆になる」場合が大気海洋力学においてはよくあるからである（例えば高波数のロスビー
波の水平伝搬や各種内部波の鉛直伝搬など）。このように「地図上にイラスト的に描かれた矢印
の力学的根拠は？」という問題意識から本研究の着想に至った（図１左が大気、図１右が海洋）。 
 
（２） 関連する国内外の研究の動向と本研究の位置づけ 
 従来の研究では、波活動度あるいは波動エネルギーの伝達経路トレース解析（世界地図上にお
ける群速度ベクトルの分布の同定）において地衡流近似した理論が使われてきた（表１）。従来
の理論は中緯度の波について限定されたものであり、赤道波については使えないという問題があ
った。また海岸線で波の回析する条件下では使えないという問題もあった。これらは従来の大気
海洋力学における限界を露呈し、特に熱帯と中緯度との相互作用の解明を阻んできた。 
 代表者は多種多様な波動理論（例えば海上の風波・波浪の擬運動量や大気中の波の活動度：
Aiki and Greatbatch 2012, 2013, 2014; Aiki et al. 2015）の研究を積み重ねて回り道をする
中で、上記の熱帯と中緯度の接続問題を解決するヒントを得た。そして、緯度帯に関するシーム
レス機能と波の種類に関するオートフォーカス機能の両方を有するエネルギーフラックス（群速
度ベクトル）計算式を導く事に成功した（表1、Aiki et al. 2017）。このブレークスルーを応
用して代表者らは、熱帯起源の波動の生成・伝搬・消散の連結過程（ライフサイクル）解析を基
礎実験によって実証し、従来の気候学的課題（熱帯と中緯度の相互作用の解明・定量的評価）を
解決できる可能性を示した（図２）。 
 Plumb (1986) , 

Takaya & Nakamura 
(2001)の系列 

Orlanski &  
Sheldon (1993) 
の系列 

Aiki et al. (2017) 

対象 波活動度（擬運動量） エネルギー エネルギー 
定量的解析 不適 適 適 
中緯度ロスビー波 ◯ ◯ ◯ 
中緯度慣性重力波 × × ◯ 
全ての種類の赤道波 × × ◯ 
中緯度と熱帯の接続 × × ◯ 
海岸線境界条件 × × ◯ 
前処理 必要なし 必要なし Ertel渦位の 

インバージョン 
フラックスの診断式 E − v 'v ',v 'u '   cu cp +�u [ cp cp z / (2 f )] cu cp +�u ( cp cϕ z / 2) 
表１：A/OGCMのアウトプットから群速度ベクトルを計算するための診断式の比較．Eは波のエネルギー，ϕは
Ertel渦位のインバージョン（逆計算）によって得られる流線関数を表す． 

A/OGCMの出力から群速度ベクトルを計算するための診断表式 
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Substitution of (3) to (2) yields a prognostic equation for the linearized version of EPV to read,126
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where Z
⇤ has been defined at (1f). Note that &⇤ is the Eulerian perturbation of EPV in height-130

coordinates. We suggest interpreting the content of the square brackets in (5) as the isentropic131

perturbation of EPV as approximated using a Taylor expansion in the vertical direction. Indeed132

vertical advection is explicit in the prognostic equation (4a) for the Eulerian perturbation &
⇤ of133

EPV, while it is implicit in the prognostic equation (2) for the isentropic perturbation @
⇤ of EPV.134

Equation (5) will be useful for extending the framework of the present study to finite-amplitude135

waves in the presence of a mean flow or a moist process in a future study. On the other hand, a136

prognostic equation for wave energy may be derived from (1a)-(1c) as137
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線形プリミティブ方程式 

鉛直流速と鉛直変位 
IPV の保存式 

EPVとIPV (isentropic potential vorticity) の関係式 

EPV (Eulerian potential vorticity) の保存式 アスタリスクは 
次元付きを表す 
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which points in the same direction as the group velocity for midlatitude IGWs in the atmosphere142

and ocean (Holton, 2004). The vector in (7) does not point in the direction of the group velocity of143

midlatitude RWs (Longuet-Higgins, 1964). In order to retrieve the correct direction for the energy144

flux associated with midlatitude RWs, OS93 have suggested modifying (6), without a�ecting the145

three-dimensional divergence of the energy flux, as146
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where U⇤�⇤ is as in the gravity wave literature (i.e. U
⇤ consists of both the geostrophic and148

ageostrophic components of velocity). The second term in (9) is the additional rotational component149

required to reproduce the direction of the group velocity of midlatitude RWs.150

AGC17 have shown, using a height-independent oceanic framework, how to derive a general151

expression for the additional rotational flux that points in the direction of the group velocity152

1The present formulation does not impose any specific requirements for the choice of a phase averaging operator that will be explored by a series

of model diagnoses in future studies. For example, the time evolution of oceanic upper layer energy flux at the equator of the Indian Ocean has

been shown without using a phase averaging operator in the Hovmöller diagram of Li and Aiki (2020). The atmospheric community may begin

with adopting empirical knowledge derived from a series of previous model diagnosis studies using, for example, the wave activity flux.
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⇤ of133

EPV, while it is implicit in the prognostic equation (2) for the isentropic perturbation @
⇤ of EPV.134

Equation (5) will be useful for extending the framework of the present study to finite-amplitude135

waves in the presence of a mean flow or a moist process in a future study. On the other hand, a136

prognostic equation for wave energy may be derived from (1a)-(1c) as137
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where r⇤ ⌘ hh m

mG
⇤ ,

m

mH
⇤ ,

m

mI
⇤ ii and the overbar symbol represents a phase-average1 operator (i.e. for138

a sinusoidal wave, �⇤ = 0 for �⇤ = D
⇤, E⇤, F⇤ and �⇤), or a low-pass time filter (for this reason we139

retain the local time derivative in (6) to allow for slow time variations in the general case).140

We rewrite the three-dimensional energy flux in (6) in a vector form as141
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which points in the same direction as the group velocity for midlatitude IGWs in the atmosphere142

and ocean (Holton, 2004). The vector in (7) does not point in the direction of the group velocity of143

midlatitude RWs (Longuet-Higgins, 1964). In order to retrieve the correct direction for the energy144
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where 5
⇤ = 5

⇤
0 + V⇤H⇤ is understood. The three-dimensional energy flux in (8) consists of two terms,147
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where U⇤�⇤ is as in the gravity wave literature (i.e. U
⇤ consists of both the geostrophic and148

ageostrophic components of velocity). The second term in (9) is the additional rotational component149

required to reproduce the direction of the group velocity of midlatitude RWs.150

AGC17 have shown, using a height-independent oceanic framework, how to derive a general151

expression for the additional rotational flux that points in the direction of the group velocity152

1The present formulation does not impose any specific requirements for the choice of a phase averaging operator that will be explored by a series

of model diagnoses in future studies. For example, the time evolution of oceanic upper layer energy flux at the equator of the Indian Ocean has

been shown without using a phase averaging operator in the Hovmöller diagram of Li and Aiki (2020). The atmospheric community may begin

with adopting empirical knowledge derived from a series of previous model diagnosis studies using, for example, the wave activity flux.
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based on the trade off between utility and complexity, and are referred to as level-0 (exact), hybrid

(exact/approximate), and level-2 (approximate). Equation (6) may be rewritten using the level-0

(exact) expression of wave energy flux in the present study as
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where the three-dimensional components are adapted from (23a), (23e), and (23b). The scalar
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where the meridional tapering function is defined, for example, as

G = G(y∗) = exp[−y∗2β∗m̃∗/(16N∗)]. (32)
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where symbols without an asterisk indicate nondimensionalized quantities, and 4
±I ⌘ exp(±I).171

Manipulation of (11a)-(11c) yields prognostic equations for EPV and wave energy in a nondimen-172

sionalized form to read,173
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mH
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mI
ii and, for � = D, E, F or �, � = 0 for sinusoidally varying waves.175

a. A unified expression for the group velocity of equatorial waves176

We assume E < 0 by considering equatorial RWs, RGWs, and IGWs (i.e. waves other than177

equatorial KWs). Zonally and vertically propagating free waves may be expressed by a relationship178

E / cos`, D / sin` and�/ sin` where ` ⌘ :G+<I�lC is wave phase with : , < andl being zonal179

and vertical wavenumbers, and wave frequency, respectively. This form is based on the assumption180

that the reference state of the atmosphere is uniform in both zonal and vertical directions. We181

substitute these relationships to (11a)-(11c) to yield a second-order ordinary di�erential equation182

for the meridional profile of E, as follows,183
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where <̃
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2 + 1/4. Let A be the amplitude of E, then an analytical solution for the set of184

(11a)-(11c) and (14) may be written as,185

E =A cos` exp(�<̃H
2/2+ I/2)� (=,<̃)

, (15a)

D =
1

<̃
2
l

2 � :
2

⇣
l<̃

2
HE` � :

mE`

mH

⌘
, (15b)

� =
1

<̃
2
l

2 � :
2

⇣
:HE` �l

mE`

mH

⌘
, (15c)

F = � m
2�

mCmI

= l

m�`

mI

= l(�<�+�`/2), (15d)

where the subscript ` represents partial di�erentiation in terms of the wave phase (that yields186

EE = E`E` and E`E = 0). The symbol � (=,<̃) in (15a) is the Hermite polynomial with = being the187

meridional mode number2 (Matsuno, 1966). The meridional velocity E has been written in terms188

of the Hermite polynomial, as shown in (15a), so that the coe�cient of the second term on the left189

hand side of (14) should equal to (2=+1)<̃. This yields190

<̃
2
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3 � (:2 +2<̃=+ <̃)l� : = 0, (16)

which is a unified dispersion relation for equatorial RWs, RGWs, and IGWs. Partial di�erentiation191

of (16) with respect to wavenumbers : and < yields a unified expression for the group velocity of192

equatorial waves,193
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which allows to investigate plane waves on either a midlatitude V-plane (i.e. | 5 ⇤0 | � |V⇤H⇤ |) or an362

5 -plane. Substitution of (24b) to (24a) yields363
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The coe�cient of every term in (24c) is constant so that we may define a monochromatic wave in364

the three-dimensional space as365
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which has been written in a complex form. The symbol 8 is the unit imaginary number, A⇤ is wave366

amplitude, ` = :
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and vertical components of a wavenumber vector, respectively, and l
⇤ is wave frequency). For368

simplicity, all A⇤, :⇤, ;⇤, and l
⇤ are assumed to be constant. Substitution of (25a) to both (1a) and369
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A classical dispersion relation for midlatitude IGWs (i.e. waves on an 5 -plane) may be retrieved373

by substituting V
⇤ = 0 to (26). A classical dispersion relation for midlatitude RWs may be retrieved374
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4. Analytical investigation for the height-dependent energy flux of midlatitude waves344

Our basic procedure for obtaining the unified expression of WEF is applicable to waves with any345

value of @⇤, as far as the unified analytical solution of waves is given. This may be reconfirmed in346

this section. So far it is only for equatorial waves that the height-dependent expression (23a)-(23e)347

has been verified to be identical to the group velocity times wave energy. In this section, we348

derive a unified expression for all types of midlatitude waves (i.e. RWs and IGWs) that reproduces349

group-velocity-based energy flux in the three-dimensional space. A similar analysis has been given350

in Appendix B of AGC17 except that they have investigated height-independent energy flux with351

only horizontal component in an oceanic shallow water framework. We here investigate both the352

horizontal and vertical components of height-dependent energy flux for midlatitude waves in an353

atmospheric Boussinesq framework. As shown below, for the horizontal WEF, the result of the354

previous section may be fully extended to midlatitude waves. For the vertical WEF, we identify a355

di�erence between the results of equatorial and midlatitude expressions.356

a. A unified expression for the group velocity of midlatitude waves357
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where 5
⇤ = 5
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0 + V⇤H⇤. The characteristic equation (24a) for the meridional profile of E⇤ is applicable359

to midlatitude waves as well as equatorial waves. When deriving the dispersion relation for360

midlatitude waves, we assume361
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⇤2/<̃⇤2 where the scalar quantity |#⇤/<̃⇤ | represents the horizontal component of nonrotating376

gravity wave speed. Equation (26) is a unified expression for the dispersion relation of midlatitude377

IGWs and RWs.378

Partial di�erentiation of (26) with respect to wavenumbers :
⇤, ;

⇤, and <
⇤ yields a unified379

expression for the group velocity of midlatitude RWs and IGWs,380
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for the zonal, meridional, and vertical components, respectively. Below we identify the expression381

of additional rotational flux associated with the di�erence of the group velocity times wave energy382

and the pressure flux. We investigate in the order of the zonal, vertical, and meridional components,383

as the expression of the meridional component is determined from the analysis result of the other384

two components. This is as in the case of equatorial waves in the previous section.385
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F��. 1. Meridional profiles of the zonal component of phase-averaged energy flux calculated at I = 0.5. The

solid-black line is (ml/m:) [D2 + E2 + (m�/mI)2]/2, the dashed-green line is D?, and the red-dots are the right

hand side of (19a). All panels are for low-frequency equatorial waves with l < 1: (a) eastward propagating

RGWs, (b) short and (c) long RWs in the 1st meridional mode, (d) short and (e) long RWs in the 2nd meridional

mode. The associated values of meridional-mode number =, zonal wavenumber : , vertical wavenumber <, wave

frequency l, and group velocity ml/m: are noted in each panel. For each of (a)–(e), the wave amplitude A in

(15a) has been set to normalize the meridional integral of wave energy:
Ø 1
�1 [D2 + E2 + (m�/mI)2]/23H = 1.
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where 2l3
<̃

2 in the denominator has often been ignored in previous studies when focusing on194

low-frequency equatorial waves (e.g. equatorial RWs).195

b. Additional rotational term to reproduce the zonal component of equatorial wave energy flux196

We now investigate the zonal component of the energy flux associated with (11a)–(11c). It is197

known that, for equatorial waves, the meridional integral of D� is equal to the group velocity times198

the meridional integral of the wave energy density (Philander, 1989):199
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It should be noted that the identity (18a) does not hold if it is evaluated at a given latitude:200

D� <
ml
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h
D

2 + E2 +
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mI
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which is illustrated as follows. For low-frequency equatorial waves (with l < 1, i.e.201

all equatorial RWs and westward propagating RGWs), the meridional profiles of D� and202

(ml/m:) [D2 + E2 + (m�/mI)2]/2 are shown by the dashed-green and solid-black lines, respec-203

tively, in Fig. 1. It is clear that, when compared at a given latitude, D� is not equal to the group204

velocity times wave energy. In particular, the meridional profile of D� is sign-indefinite for low-205

frequency equatorial waves (see Fig. 1). In what follows, the group velocity times wave energy is206

referred to as wave energy flux (WEF). For eastward propagating RGW (Fig. 1a), WEF has a single207

eastward peak while pressure flux has double eastward peaks. The peak magnitudes of WEF and208

pressure flux are roughly comparable to each other. For short RW with = = 1 (Fig. 1b), WEF has209

double eastward peaks while pressure flux has both double eastward peaks near the equator and210

double eastward peaks in the flanks of the equator. The peak magnitude of pressure flux is several211

times greater than that of WEF. For long RW with = = 1 (Fig. 1c), WEF has a single westward212

peak while pressure flux has both a single eastward peak at the equator and double eastward peaks213

13
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We now decompose the wave energy density3 into two parts, one that determines the meridional233

integral and one does not. We then have234
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which have been derived using (14) and (15a)–(15c) (detailed derivation in the supplemental235

material). The second term on the right hand of (18d) vanishes if the meridional integral is taken,236

which is as in (18c). Using (18c)–(18d), we now obtain an analytical expression for the di�erence237

between the right and left hand sides of (18b) to yield,238
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which have been derived using (17a) and (18c)–(18d) (detailed derivation in the supplemental239

material). The last line of (18e) has been written as the meridional gradient of scalar quantities.240

Thus the meridional integral of (18e) vanishes for equatorial waves (with a meridionally decaying241

structure), and is consistent with (18a).242

Using (18e), we can now rewrite the zonal component of the group velocity times wave energy243

density as,244
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where the scalar quantity i has been introduced as in AGC17, and may be referred to as pseudo-245

streamfunction. This quantity is the cornerstone of a unified treatment of gravity and planetary246

waves, which is clarified using inversion equations for the isentropic perturbation of EPV to be247

3The factor ml/m: to calculate the energy density flux is added in (18e).
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F��. 3. Same as Fig. 1 about low-frequency equatorial waves except for the vertical component of phase-

averaged energy flux; the solid-black line is (ml/m<) [D2 + E2 + (m�/mI)2]/2, the dashed-green line is F�, the

red-dots are the right hand side of (21a), and the dashed-blue line is given by the set of (23b)-(23c) and (32).
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explained later in the manuscript. Readers may confirm, by comparing the solid-black lines and248

red-dots in Figs. 1 and 2, that the meridional profile of the zonal energy flux on the right hand249

side of of (19a) is precisely identical to (ml/m:) [D2 + E2 + (m�/mI)2]/2 for all types of equatorial250

waves. Here we have cleared a first step for extending the single layer shallow water framework of251

AGC17 to a Boussinesq framework in height-coordinates.252

c. Additional rotational term to reproduce the vertical component of equatorial wave energy flux253

We now investigate the vertical component of the energy flux associated with (11a)–(11c). It254

is known that, for equatorial waves, the meridional integral of F� is equal to the group velocity255

times the meridional integral of the wave energy density:256

π +1

�1
F� 3H =

ml

m<

π +1

�1

1
2

h
D

2 + E2 +
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m�
mI

⌘2i
3H. (20a)

It should be noted that the identity (20a) does not hold if it is evaluated at a given latitude:257

F� <
ml

m<

1
2

h
D

2 + E2 +
⇣
m�
mI

⌘2i
, (20b)

which is illustrated as follows. For low-frequency equatorial waves (with l < 1, i.e.258

all equatorial RWs and westward propagating RGWs), the meridional profiles of F� and259

(ml/m<) [D2 + E2 + (m�/mI)2]/2 are shown by the dashed-green and solid-black lines, respec-260

tively, in Fig. 3. It is clear that, when compared at a given latitude, F� is not equal to the group261

velocity times wave energy. The meridional profile of F� is single-signed for low-frequency262

equatorial waves (see Fig. 3). For eastward propagating RGW (Fig. 3a), WEF has a single upward263

peak. For short RW with = = 1 (Fig. 3b), WEF has double upward peaks. For long RW with = = 1264

(Fig. 3c), WEF has a single upward peak. For short RW with = = 2 (Fig. 3d), WEF has triple265

upward peaks. For long RW with = = 2 (Fig. 3d), WEF has double upward peaks. Pressure flux266
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Using (20d), we can now rewrite the vertical component of the group velocity times wave energy300

density as,301
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where the scalar quantities s and j are defined as302
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These quantities are absent in AGC17 as they have not investigated the vertical component of the303

energy flux. Readers may confirm, by comparing the solid-black lines and red-dots in Figs. 3304

and 4, that the meridional profile of the vertical energy flux on the right hand side of (21a) is305

precisely identical to (ml/m<) [D2 + E2 + (m�/mI)2]/2 for all types of equatorial waves. Here we306

have cleared a second step for extending the single layer shallow water framework of AGC17 to a307

Boussinesq framework in height coordinates.308

d. Dimensional form for the height-dependent version of equatorial wave energy flux309

The height-dependent expression of WEF, as derived in the previous subsections, has turned out310

to be associated with the three scalar quantities: i, s, and j. These quantities are defined by311

19

赤道混合ロスビー重力波	

赤道ロスビー波 南北モードn=2	

赤道ロスビー波 南北モードn=１	



各種赤道波の分散関係式	



F��. 2. Same as Fig. 1 except for high-frequency equatorial waves with l > 1: (a) westward and (b) eastward

propagating IGWs in the 2nd meridional mode, (c) westward and (d) eastward propagating IGWs in the 1st

meridional mode, and (e) eastward propagating RGWs.
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where 2l3
<̃

2 in the denominator has often been ignored in previous studies when focusing on194

low-frequency equatorial waves (e.g. equatorial RWs).195

b. Additional rotational term to reproduce the zonal component of equatorial wave energy flux196

We now investigate the zonal component of the energy flux associated with (11a)–(11c). It is197

known that, for equatorial waves, the meridional integral of D� is equal to the group velocity times198

the meridional integral of the wave energy density (Philander, 1989):199
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It should be noted that the identity (18a) does not hold if it is evaluated at a given latitude:200
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which is illustrated as follows. For low-frequency equatorial waves (with l < 1, i.e.201

all equatorial RWs and westward propagating RGWs), the meridional profiles of D� and202

(ml/m:) [D2 + E2 + (m�/mI)2]/2 are shown by the dashed-green and solid-black lines, respec-203

tively, in Fig. 1. It is clear that, when compared at a given latitude, D� is not equal to the group204

velocity times wave energy. In particular, the meridional profile of D� is sign-indefinite for low-205

frequency equatorial waves (see Fig. 1). In what follows, the group velocity times wave energy is206

referred to as wave energy flux (WEF). For eastward propagating RGW (Fig. 1a), WEF has a single207

eastward peak while pressure flux has double eastward peaks. The peak magnitudes of WEF and208

pressure flux are roughly comparable to each other. For short RW with = = 1 (Fig. 1b), WEF has209

double eastward peaks while pressure flux has both double eastward peaks near the equator and210

double eastward peaks in the flanks of the equator. The peak magnitude of pressure flux is several211

times greater than that of WEF. For long RW with = = 1 (Fig. 1c), WEF has a single westward212

peak while pressure flux has both a single eastward peak at the equator and double eastward peaks213

13
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We now decompose the wave energy density3 into two parts, one that determines the meridional233

integral and one does not. We then have234
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which have been derived using (14) and (15a)–(15c) (detailed derivation in the supplemental235

material). The second term on the right hand of (18d) vanishes if the meridional integral is taken,236

which is as in (18c). Using (18c)–(18d), we now obtain an analytical expression for the di�erence237

between the right and left hand sides of (18b) to yield,238
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which have been derived using (17a) and (18c)–(18d) (detailed derivation in the supplemental239

material). The last line of (18e) has been written as the meridional gradient of scalar quantities.240

Thus the meridional integral of (18e) vanishes for equatorial waves (with a meridionally decaying241

structure), and is consistent with (18a).242

Using (18e), we can now rewrite the zonal component of the group velocity times wave energy243

density as,244
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where the scalar quantity i has been introduced as in AGC17, and may be referred to as pseudo-245

streamfunction. This quantity is the cornerstone of a unified treatment of gravity and planetary246

waves, which is clarified using inversion equations for the isentropic perturbation of EPV to be247

3The factor ml/m: to calculate the energy density flux is added in (18e).
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F��. 4. Same as Fig. 2 about high-frequency equatorial waves except for the vertical component of phase-

averaged energy flux; the solid-black line is (ml/m<) [D2 + E2 + (m�/mI)2]/2, the dashed-green line is F�, the

red-dots are the right hand side of (21a), and the dashed-blue line is given by the set of (23b)-(23c) and (32).
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explained later in the manuscript. Readers may confirm, by comparing the solid-black lines and248

red-dots in Figs. 1 and 2, that the meridional profile of the zonal energy flux on the right hand249

side of of (19a) is precisely identical to (ml/m:) [D2 + E2 + (m�/mI)2]/2 for all types of equatorial250

waves. Here we have cleared a first step for extending the single layer shallow water framework of251

AGC17 to a Boussinesq framework in height-coordinates.252

c. Additional rotational term to reproduce the vertical component of equatorial wave energy flux253

We now investigate the vertical component of the energy flux associated with (11a)–(11c). It254

is known that, for equatorial waves, the meridional integral of F� is equal to the group velocity255

times the meridional integral of the wave energy density:256
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It should be noted that the identity (20a) does not hold if it is evaluated at a given latitude:257
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, (20b)

which is illustrated as follows. For low-frequency equatorial waves (with l < 1, i.e.258

all equatorial RWs and westward propagating RGWs), the meridional profiles of F� and259

(ml/m<) [D2 + E2 + (m�/mI)2]/2 are shown by the dashed-green and solid-black lines, respec-260

tively, in Fig. 3. It is clear that, when compared at a given latitude, F� is not equal to the group261

velocity times wave energy. The meridional profile of F� is single-signed for low-frequency262

equatorial waves (see Fig. 3). For eastward propagating RGW (Fig. 3a), WEF has a single upward263

peak. For short RW with = = 1 (Fig. 3b), WEF has double upward peaks. For long RW with = = 1264

(Fig. 3c), WEF has a single upward peak. For short RW with = = 2 (Fig. 3d), WEF has triple265

upward peaks. For long RW with = = 2 (Fig. 3d), WEF has double upward peaks. Pressure flux266
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1
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h
D
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3H. (20a)

It should be noted that the identity (20a) does not hold if it is evaluated at a given latitude:257

F� <
ml

m<

1
2

h
D

2 + E2 +
⇣
m�
mI

⌘2i
, (20b)

which is illustrated as follows. For low-frequency equatorial waves (with l < 1, i.e.258

all equatorial RWs and westward propagating RGWs), the meridional profiles of F� and259

(ml/m<) [D2 + E2 + (m�/mI)2]/2 are shown by the dashed-green and solid-black lines, respec-260

tively, in Fig. 3. It is clear that, when compared at a given latitude, F� is not equal to the group261

velocity times wave energy. The meridional profile of F� is single-signed for low-frequency262

equatorial waves (see Fig. 3). For eastward propagating RGW (Fig. 3a), WEF has a single upward263

peak. For short RW with = = 1 (Fig. 3b), WEF has double upward peaks. For long RW with = = 1264

(Fig. 3c), WEF has a single upward peak. For short RW with = = 2 (Fig. 3d), WEF has triple265

upward peaks. For long RW with = = 2 (Fig. 3d), WEF has double upward peaks. Pressure flux266
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Using (20d), we can now rewrite the vertical component of the group velocity times wave energy300

density as,301
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where the scalar quantities s and j are defined as302

s ⌘ 1
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π 1
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�I
E3I, (21b)

j ⌘ E

<̃
2
l

2 � :
2
. (21c)

These quantities are absent in AGC17 as they have not investigated the vertical component of the303

energy flux. Readers may confirm, by comparing the solid-black lines and red-dots in Figs. 3304

and 4, that the meridional profile of the vertical energy flux on the right hand side of (21a) is305

precisely identical to (ml/m<) [D2 + E2 + (m�/mI)2]/2 for all types of equatorial waves. Here we306

have cleared a second step for extending the single layer shallow water framework of AGC17 to a307

Boussinesq framework in height coordinates.308

d. Dimensional form for the height-dependent version of equatorial wave energy flux309

The height-dependent expression of WEF, as derived in the previous subsections, has turned out310

to be associated with the three scalar quantities: i, s, and j. These quantities are defined by311
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based on the trade off between utility and complexity, and are referred to as level-0 (exact), hybrid

(exact/approximate), and level-2 (approximate). Equation (6) may be rewritten using the level-0

(exact) expression of wave energy flux in the present study as
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where the meridional tapering function is defined, for example, as

G = G(y∗) = exp[−y∗2β∗m̃∗/(16N∗)]. (32)

Equation (6) may be rewritten using the hybrid (exact/approximate) expression of wave energy
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(19b), (21b)-(21c) that may be rewritten into a dimensional form as,312
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⇤2/V⇤)j. The exact profile of the313

group velocity times wave energy is expressed by the right hand side of (19a) and (21a), and is314

here rewritten into a dimensional form as,315
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for the zonal and vertical components, respectively. The symbol '⇤ in (23b) is defined as316
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which presents the additional rotational flux in the meridional-vertical plane. The symbol ⌧ in the317

first term on the right hand side of (23c) is unity as far as equatorial waves are concerned,318

⌧ ⌘ 1. (23d)

The profile of nondimensional quantity⌧ is modified later in the manuscript to connect expressions319

for the vertical WEF of equatorial and midlatitude waves, to be explained at the beginning of320

section 5.321

We are considering zonally and vertically propagating equatorial waves, as given by (15a)–(15c).322

Thus E⇤�⇤ vanishes owing to the phase relationship between E
⇤ and �⇤. To be useful later in the323

20

Equation (6) may be rewritten using the level-2 (approximate) expression of wave energy flux in

the present study as
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where the three-dimensional components are adapted from (34a).
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where the meridional tapering function is defined, for example, as

G = G(y∗) = exp[−y∗2β∗m̃∗/(16N∗)]. (32)
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where the three-dimensional components are adapted from (33c).
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where the scalar quantity i
0??⇤ has been introduced as the solution of an approximate EPV530

inversion equation to read,531
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This EPV-inverted scalar quantity i
0??⇤ reduces to the geostrophic streamfunction for midlatitude532

RWs and vanishes for gravity waves (AGC17). The approximate expression of the energy flux in533

(34a) is similar to the expression (9) of OS93 except that the former is applicable to both equatorial534

waves and midlatitude waves (the unified handling of gravity and planetary waves is also noted)535

and the latter is applicable to only midlatitude RWs. Partial di�erentiations on the left hand side536

of the approximate inversion equation (34b) of isentropic EPV are in an elliptic form with respect537

to G
⇤, H⇤ and I

⇤ coordinates, and thus may be solved using an iterative computational method such538

as the conjugate gradient method and the successive overrelaxation method, as explained below.539

b. Comparisons of three computational approaches540

We suggest three separate approaches for computing the height-dependent energy flux, as sum-541

marized in Table 2, with taking into account a trade-o� between utility and complexity. The first542

approach is to use an exact (level-0) expression for the height-dependent energy flux of waves in543

the atmosphere with a zonally periodic boundary condition, that may be obtained as follows.544

(i) Adopt the set of (23a) and (23e) for the horizontal component of the group velocity times545

energy to yield an exact profile for both equatorial and midlatitude waves. Adopt the set of546

(23b) and (32) for the vertical component of the group velocity times energy to yield an exact547

profile for both equatorial and midlatitude waves. This approach requires both i
⇤ and j

⇤ to548

be computed from the three-dimensional Fourier inversion of E⇤ based on (22a) and (22c),549

respectively.550
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called) EPV. This result is reproduced by a Boussinesq framework in height-coordinates as,497
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where the first equality has been derived using (12) [i.e. @C = �l@` = �E and thus �l@`` = l@ =498

�E`], the second equality has been derived using (19b), and the third equality has been derived499

using (14). Equation (33a) may be rewritten into a dimensional form to read500

⇣
m

2

mG
⇤2

+ m
2

mH
⇤2

⌘
i
⇤ + 1

d
⇤
0

m

mI
⇤

h⇣
d
⇤
0

#
⇤2

⌘
m

mI
⇤

⇣
5
⇤2
i
⇤ +3

m
2
i
⇤

mC
⇤2

⌘i
= @

⇤
, (33b)

where @⇤ has been defined at (2) that is the isentropic perturbation of EPV as shown by (5). While501

(33b) has been derived from the characteristic equation (14) associated with equatorial waves,502

(33b) can also be derived from the universal characteristic equation (24c) associated with both503

midlatitude and equatorial waves. Namely (33b) is applicable to both equatorial and midlatitude504

waves. The height-dependent inversion equations (33a) and (33b) of isentropic EPV correspond to505

the height-independent inversion equations (16) and (17a), respectively, of shallow water EPV in506

AGC17 and are referred to as level-0 (i.e. exact) expression. We find that what has been referred to507

as EPV in AGC17 is actually the isentropic perturbation of EPV as shown by (5). This improves our508

understanding of the EPV-inversion equations as part of the universal formulation of the horizontal509

WEF.510
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(a) Day -3 850 hPa (U,V) &  Um (dUm/dy), (P) 2ms-1 

(b) Day 0 

(c) Day 3 
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F��. 5. Daily lagged composites of 2–8-day filtered 850-hPa wind vectors, stream function anomalies super-

imposed on the monsoon westerly flow from day -3 to day +3 with 3-day interval. Positive (negative) stream

function anomalies are indicated by red (blue) contours. Black contours correspond to positive values of the

climatological (DJF) mean zonal wind. Shades correspond to the positive values of the meridional gradient of

the mean zonal wind (10�6 s�1). Contour interval of the stream function is 3.0⇥105 m2 s�1. Contour interval of

mean westerly wind is 2.0 m s�1. The vectors are plotted only where they exceed the 95% confidence level based

on the t-statistics.
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F��. 7. Time-longitude diagram of 850 hPa meridional wind anomalies along 10�S–0� from day -9 through

day +9, corresponding to the composite wave patterns in Fig. 5. Contour interval is 0.3 m s�1. The phase speed

line and group speed line are shown.
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F��. 6. Vertical mean wave energy flux vectors and wave kinetic energy (shaded) averaged over the 7-day

period from day -3 to day +3, that correspond to the composite waves in Fig. 5. The mean westerly wind also

indicated (black contours).
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entire troposphere during the period day -3 through day +3. Solid (dashed) contours indicate positive (negative)

values. The zero contour is omitted. The positive values are shaded. Contour interval is 1.0 m3 s�3.
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WEFx Day-3 - Day+3 60˚-120˚E
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F��. 9. Composite meridional-vertical cross section of zonal component of WEF averaged over 60�–120�E

in the entire troposphere during the period day -3 through day +3. Solid (dashed) contours indicate positive

(negative) values. The zero contour is omitted. The positive values are shaded. Contour interval is 1.0 m3 s�3.
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Wave Energy Flux (WEF) 
（近似版を使用） 



まとめ	
 
本研究で使用する波動エネルギーフラックス診断式の利点は、中緯度から熱帯まで連続的かつ等
価に波動エネルギーの伝達経路を群速度ベクトルという意味付けを伴いながら定量的に評価 
できることである。つまり（ロスビー波・慣性重力波・ケルビン波のような）波動種類の違いを
問わず共通の尺度で統一的に記述できる 
 
特に海洋においては海岸線における境界条件も満たすので西岸と東岸で波が反射／回析する過程
を群速度ベクトルに沿ってトレースして、消散領域までのエネルギー循環を地図上で定量的 
に特定することが初めて可能となった 
 
海洋では浅水方程式を使って事例研究 
（Ogata and Aiki, 2019 SOLA; Li and Aiki, 2020 GRL; Song and Aiki, 2020 JGR; 
   Song and Aiki, JPO under revision; Toyoda et al, JC under revision） 
 
気象ではJRA55を使って事例研究 
（Fukutomi and Aiki, JGR under revision) 
 
３次元の定式化がようやく終了、当面は近似版の診断式を使っていく 
（Aiki et al, JAS under revision) 
 
平均流・波動相互作用理論との連携は今後の課題 
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解析コードのダウンロードは… 
http://co2.hyarc.nagoya-u.ac.jp/labhp/member/aiki/invepv.html 

http://www.isee.nagoya-u.ac.jp/co-re.html 


